REPRESENTATIONS OF QUANTUM GROUPS DEFINED OVER 
COMMUTATIVE RINGS II 
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Dedicated to V. S. Varadarajan 

Abstract. In this article we study the structure of highest weight modules 
for quantum groups defined over a commutative ring with particular emphasis 
on the structure theory for invariant bilinear forms on these modules. 



1. Introduction and Summary of Results. 

Let V be an indeterminate and k a field of characteristic zero. Let U be the 
quantized enveloping algebra defined over k{v) with generators K^^,E,F and re- 
lations 

[E, F] = ^""^^J ^ KEK-^ = v^E, 

KFR-^ = v^^F and KK~^ ^R-^K^l. 

Let U*^ be the subalgebra generated by K^^ and let B be the subalgebra generated 
by U° and E. More precisely we are following the notation given in [CE95] where 
we take / = {i}, i ■ i = 2, Y = Z[I] = Z, X = hom(Z[/],Z) ^Z, F = F^, E = Ei, 
and K = Ki. 

Let R be the power series ring in T — 1 with coefficients in k{v) i.e. 

R = kmT-l]l :.lnnM|^. 

Set AC equal to the field of fractions of R. Let s be the involution of R induced by 
T T-^ i.e. the involution that sends T to = + = Ej>o("l)'(^- 

1)*. Let the subscript R denote the extension of scalars from k{v) to R , e.g. rIJ = 
R (E>k{v) U. For any representation (tt, A) of rU we can twist the representation in 
two ways by composing with automorphisms of rU. The first is tto (s(g) 1) while the 
second is tt o (1 ® 0) for any automorphism 9 of U. We designate the corresponding 
flU-modules by A'^ and A^ . Twisting the action by both s and 8 we obtain the 
composite {A")'^ = {A'^)" which we denote by A*®. 

Let m denote the homomorphism of rV'^ onto R with m{K) = T. For A G Z let 
m + A denote the homomorphism of U° to R with (m + X){K) = Tv^. We use the 
additive notation to + A to indicate that this map originated in the classical setting 
from an addition of two algebra homomorphisms. It however is not a sum of two 
homomorphisms but rather a product. Let Rm+x be the corresponding ^B-module 
and define the Verma module 

(1.0.1) RM{m + \) = RV®^BRm+x-p- 
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Let pi : U ^ U be the algebra isomorphism determined by the assignment 
(1.0.2) pi{E) = -vF, pi{F)^-v-'E, pi{K) = K-\ 

Define also an algebra anti-automorphism : U ^ U by 
(1.0.3) q{E) = vKF, q{F) = vK-'E, g{K^) = K^. 



These maps are related through the antipode 5 of U by = ^^iS*. 

For i?U-modules M, N and F, let P(M, N) and P(Af, N, T) denote the space of 
i?-bilinear maps oi M x N to R and F respectively, with the following invariance 
condition: 

(1.0.4) ^ * (l){Sx(3) ■ a, g{x(^2))b) = e(x)(/)(a, b) 

where A (g) 1 o A{x) — ® ^(2) ® 2:^(3)1 e : U ^ k{v) is the counit and 

* denote the action twisted by pi; in other words x * n := pi(x)n. If we let 
hom^u(^i B) denote the set of module jjU- module homomorphisms, then one can 
check on generators of rU that P(M, A^, F) ^ hom^u(A^ <8'i?^^'" , rJ^^) (see [Jan96, 
3.10.6]). Formula (1.0.4) corrects an error in [CE95, 6.2.2]. Let P(A^) = P(iV,7V) 
denote the i?-module of invariant forms on A'^. 

For the rest of the introduction we let AI denote the uXJ Verma module with 
highest weight Tv"-^ ; i.e. M = M{m) and let F be any finite dimensional U- 
module. A natural parameterization for P(M (3 uF) was given in [CE95]. Fix an 
invariant form (j)M on M normalized as in ( .). For each flU-module homomorphism 
/? : rS F^^ — > i?U define what we call the induced form xp,4>m by the formula, 
for e ^rS, f Sfl F, m,n & N, 

(1.0.5) Xi3,4>M{'m- ®e,n® f) = (j)M{m,f3{e ® /) * n). 

1.1. Proposition. Suppose (3 : rF ® rF'''^ rJJ is a module homomorphism with 
r\J having the adjoint action. Then M (23 rF decomposes as the Xl3.<t>M~^'''^b,ogonal 
sum of indecomposable rU -modules. 

We now begin the description of our main result: Recall from [CE95] we define 
a cycle ( for A ) to be a pair {A, where A is a U (or r\J) module and 5' is a 
module homomorphism 

(1.0.6) * : Af'-' A. 

Here A^^ is defined to be Ap/tA where t : j4 — > Ap is the canonical embedding 
of the module A into its localization Ap with respect to root vector F. Note that 

modules of the form ~^ above appear naturally in other mathematical work (see 
[AS03] and [Ark04]) besides our own (see [CE95]). We choose a homomorphism 
XE- : Mp M and set 

(1.0.7) 1^ := ® sT[' o L-^ : (M^ ® f )^'^-i -> M ® f . 

(The linear map L is defined in Lusztig's book - see also (3.1.6).) Let i : V{M (E) 
£,N ® F) hom^u(A^ ® £ ® {N ® FY^ , R) be the canonical isomorphism with 
t(x)(a ®b) = x(a, b). Note that a®b£M®£®{N® Ff^ on the left hand 
side, while (a, 6) S M®£xN®Fon the right hand side. Define x 1-^ in 
¥,nA{V{M ®£,N ®F)) by 

(1.0.8) i(x*)(*(a) ® ^{b)) := s o l{x^) o L{a ® 6) 

for a e (M (g) £)f-^ , b e [N (g, F)f'-''" and x e V{M ®£,N(g) F). 
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Let Tm and Tn be X-admissible finite dimensional U-modules given in §5.1 with 



basis it^™\ < fc < TO. Fix a homomorphism /3 :ji Tm ®r 
has the form (8.2.1) 

(1.0.9) /3: 



jJ^(U) which 



Em.n rim.n 



2k 



where r™'" G R, and is defined by 

(1.0.10) /32";"(u(™+"-2«)) = S2r,n+n-2,E^''^K-^. 

Our main symmetry result on induced forms is Theorem 8.5: 

1.2. Theorem. Let M he the Verma module of highest weight Tv~^ (so that X — 0) 
and assume that (3 :ji Tm ®r J'n^ rF(\J) has the form (8.2.1). If (f> is a r\J- 
invariant pairing on M satisfying s o (f>^ o L ~ (f> o ['^ \I>), then 



(1.0.11) 



Most of the results in sections 1-7 are used in the proof of this theorem. In 
sections 8 and 9 wc give a taste of how one can use induced forms to get information 
on filtrations of modules. We plan to pursue this in future work. 

Let n ~ {a, (3} be the set of simple roots and 7 G H for g = or sp(4). In the 
last section wc give examples of how one can relate the Shapovalov form for Uv{q), to 
the Shapovalov form on a reductive subalgebra U{a) generated Ea, Fa, K^, 7 £ 11. 
In particular we explicitly describe the coefficients J"™'" for particular P that appear 
in the study of these Shapovalov forms. We will expand on this study in future 
work. 



2. g-CALCULUS. 

2.1. Definitions. As many before us have done, for to G Z we define 



V — V ^ 

[to](„) := [to] ■ [to — 1] ■ • ■ [to — n + 1] 
! := [to](„), [0]! 1 

for 71 > 
if n<0. 

For j > 0, Gauss' versions of the Binomial Theorem are 

i j 




(2.1.1) 

and 

(2.1.2) 



1=1 



1=1 



1)).^(-1)^ 



fe=0 



k=0 
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See []\Ia93, 1.157, 1.158]. For r G Z define 



(2.1.3) 



[T;r](,) :=[T;r][T;r-l]...[T;r-j- + l], [T; r](o) [T; rf"' := 1, if j > 0, 
[y.^jb) ]^T-r+\\---[T-r + j] 



(2.1.4) 



T;r 



[T;r](,)/[j]! if j>0 
if i < 0. 



Note that [T; A]'^'^'' is invertible in i? for A > and [T; A + l](j,) is invertible provided 
A + 1 > A: or A < (A: > 0). On the other hand [T; A + l](fe) is divisible by T - 1 
and not by (T — 1)^ for A: > A + 1 due to the fact that [T, r] is divisible by exactly 
(T — 1)' where i = if r 7^ and i = 1 for ?■ = 0. A useful related computation is 



(2.1.5) [r]![T;r]-5^ (^1+ (^r 

where {1} = v — v^^. Indeed 



2 
{1} 



mod (T - 1) 



This implies (2.1.5) above. 

2.2. Identities. Two useful formulae for us will be 



(2.2.1) 
(2.2.2) 



s — u 
r 



u — r+l)+7"ii) 


U 




s ^ p 




.P. 




r — p 



u + V + r — 1 
r 



■^{p{u-\'V) — ru) 



ru) 


u + p — 1 




V + r — p — I 




P 




r — p 



which come from [Ma93, 1.160a, 1.161a ], respectively. 
We have a yet another variant of the Binomial Theorem: 



2.1. Lemma. 

^fc(n+i-fc) jy. 2k -n- l](fe) = ^(-l)J„J("-2fe+i)y-j 

j=o 



[n~k + j](^j)[T;k](k-j) 



Proof. The proof follows from an application of Gauss' binomial theorem and (2.2.1) 

□ 

2.2. Lemma (Chu-Vandermonde formula). For integers k and r with < k < r 
we have 

k 

(2.2.3) ^(-l)'t/('-'^-+i) 



T;k 
I 



T;r + k-l 
k - I 



Proof. The proof is obtained by using the Taylor series expansion in T together 
with Gauss' binomial theorem. □ 
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3. U- ALGEBRA AUTOMORPHISMS AND INTERTWINING MAPS. 

3.1. Following Lusztig, [Lus93, Chapter 5], we let C denote the category whose 
objects are 1- graded U-modules M = 0„gz-A^" such that 

(i) E, F act locally nilpotcntly on M, 

(ii) Km ~ v"m for all m G M". 

Fix e = ±1 and let M g C. Define Lusztig's automorphisms Tg',T^' : M ^ M 

by 

(3.1.1) T^(m) := ^ (-l)^^(-'''=+^)F(")£;('')F('=)m, 

a,h^c\a—h+c—n 

and 

(3.1.2) T^'(m) ^ {-lfv'--''-''^+''^E'^''^F'^^^E'^'''^m 

a,b,c; — a-\-b—c—n 

for m G M". In the above := [a]! is the ath divided power of E. 
Lusztig defined automorphisms and Tp" on U by 

and 

T"^{E^^^) = (^—lyv'^P^P^^^F^^^K^^P, T" ^{F^P^) ~ (— i)Pt;-«p(p-i)if<=P£:(p). 
One can check on generators that 

(3.1.3) pioT'_i^T'_iO pi. 
If M is in C, X G U and m G M, then we have 

(3.1.4) e(x • m) = e(x)eTO 

for e = or e = T^' (see [Lus93, 37.1.2]). The last identity can be interpreted to 
say that Q and O ® s are intertwining maps; 

(3.1.5) Q: M ^ 6 ® s : bM rM'^®" . 

To simplify notation we shall sometimes write sO in place oi Q ® s. 
Wc now describe the explicit action of on M. 

3.1. Lemma ([Lus93, Prop. 5.2.2]). Let m > and j,h G [0,m] be such that 
j + h ~ m. 

(a) Ifrje M™ is such that Erj = 0, then T'^{F'^^\) = {-lyv'^^^^+^^F^^'^'q. 
(h) IfCG M-™ is such that EC = 0, then T^'iE'-^^C) = (-l)Jw^(j''+J) 

Let E{XJ) denote the ad-locally finite submodulc of U. We know from [.JL94] 
that F{\J) is tensor product of harmonic elements Tl and the center Z{U). Here 
n ^ ®m<^in2m and H2m = &d\]{EK-^). 

There is another category that wc will need and it is defined as follows: Let M 
be a ijU-module. One says that M is jiU^ -semisimple if M is the direct sum of 
i?- modules where K acts by T u'', G Z; i.e. by weight m + p. Then Cu 
denotes the category of ijU-modulcs M for which E acts locally nilpotcntly and M 
is ijU°-semisimple. 
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For M and N two objects in C or one of them is in rC, Lusztig defined the 
Unear map L : M ® N M ® N given by 

(3.1.6) L{x ®y)^ ^(-l)"w-"("-i)/2{n}i^(")x ® E^^'^y 

n 

where {n} :~ Yi2=ii'^''^ ^ f ^") and {0} ;= 1. One can show 

n 

3.2. Lemma ([Lus93]). Let M and N be two objects in C. Then Tl'L{z) = (T{' (g) 
T{'){z) for all z e M^N. 

3.3. Lemma. Let M be a module in Cr and N a module in C . Then for x G M* 
and y G TV" we have 

FL{x (E)y) = L{x (g) Fy + v^Fx y) 

EL{x ®y) = L{Ex ®y + ir*T~^x ® Ey) 

Proof. Let": k{v) k{v) be the Q-algebra isomorphism given by sending v to v~^. 
More over let ~ : U U denote the unique Q-algebra homomorphism defined by 

E = E, F = F, K^ = K^^, 7^=fu, fek{v),u&V. 

From [Lu.s93, Theorem 4.1.2], we have A{u)L = LA{u) for any m e U. Let x E Af* 
and y E £" . In particular we deduce 



FL{x ®y)^ LA{F){x ® y) = Liv^Fx (g)y + x(E) Fy). 
Similarly EL{x ® y) = L{Ex (g) y + ir*'T^^x (g) Ey). □ 

3.4. Corollary. Let M be a module in Cr and £ a module in C . Then L defines 
an isomorphism of the XJ-module M^-'^ ® £'^-^ onto [M ® £)^~^ . 

Proof. The proof follows from a direct calculation on weight vectors in M and 
£. □ 

Remark: It seems that one should be able to prove Corollary 3.4 through the use 
of Lemma 3.2, however one must take into account that T'^ may not be defined on 
M. 
Set 

(3.1.7) = ^(-l)Pz;3^^{p}^(p)i^Pi7(p)^ 

p 

and 

(3.1.8) C^^v-^'^{p]E'^P^K-PF^Pl 

p 

and note that C and C^^ are well defined operators on lowest weight modules. 
These maps are similar to some operators defined by Kashiwara. See for example 
the Ut in [Lus93, 16.1]. 

sT' 

3.5. Lemma. Suppose that M and N be highest weight modules with ipM '■ ~^ — > 

sT' 

M , ipN : N'tt N are rU -module homomorphisms and (j) « p-invariant form 

on M X N. Then 

(3.1.9) (j) o (V-M ® tpN) oP-^ ^(j)o {tPm ® iI^n) o ® 1)- 
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Proof. Let m G M^r, n G N^'^ and let * denote the action on N^^ so that x * n ^ 
pi {x)n where juxtaposition means the action on A^^r- Recall L^^ is defined on M-^(E)b. 
, but one can view it as an ijU-niodule homomorphism from (A/^ iV^i)'*"^-i 

to M^^~' ®R (iV^^"')''i. Hence the left hand side of (3.1.9) is in IIom„u{{M„ ®_r 
NP^y^-^,R). Now 



4>o {'4>M ®i^N) ° L ^{m^n) 



p>0 

p(p-i) 



since 



= E^''^M0(V^M(r:ipri"pi(£;(p))F(p)m),V'jvW) 

p>0 



A similar argument shows that if that !F and £ are finite dimensional U-modules 
with T" : JT^-i ^ JT, T" : f^-i — > U- module homomorphisms and <j) a. p- 
invariant form on x £, then 

(3.1.10) (!) o {T[' ® Ti") o = ,^ o (Tl' Ti") o (£-1 1). 

Observe that piC^^) = C-\ 
On the other hand 

(3.1.11) (j)oL = (j)o{£(»l). 
Indeed 

) =^(-l)Pi;^^{p}0(F(P)m,£;(P) *n) 
= ^(-l)''«"^M0(p(pii?(P))(F(f)m),n) 

p>0 

= ^ V {p}(/,(^(p)x-Pi^(P)m), n). 



p>0 



Similarly we have /?(£) = £. Observe that £ = where ~ : U U is the 
automorphism of Q-algcbras defined hy E = E, F — F, K = and fx = fx 
for / G fc(u)> a; G U. Here = with ~ fixing Q. See [Lus93, 3.1.12] for more 
details. 

Moreover we can prove that is an intertwining map i.e. C^^ : -Af^r^ ^ A/tt"^ 
is a module homomorphism for M a highest weight module: 

3.6. Lemma. T'_i(u)C^^ ~ C^^T[{u) as operators on Ai^ for all u G _rU. From 
this we also get T[[u)C = CT'_i{u) for all u. 

Proof. The proof follows from a direct calculation on generators of U. □ 



8 



BEN L. COX AND THOMAS J. ENRIGHT 



4. Invariant Forms and Liftings 

4.1. Elements of F{M,N) are called invariant pairings and for M = N, set 
P(M) = F{M, M) and call the elements invariant forms on M . 

4.1. Lemma. (1) For j^TJ -modules M, N and T, 

(4.1.1) P(M, iV, T) = hom„u(M ®fl iV^ , rT'>) 

(2) If J- = R is the trivial j^lJ -module, then the condition G ¥(M,N), is 
equivalent to 

(4.1.2) 4>{ua,b) = (l3{a,p{u)b) 
for all a E M, b E N and u eV. 

Proof. The first statement follows from [JanOG, 3.10.6] and the second follows from 
a computation using the generators of U. □ 

4.2. Lemma. Let M and N be finite dimensional \J -modules in C and (p an in- 
variant pairing. Then, for m E rM , n E rN , (f>{T^'m, Tf_^n) = (j){m, n). 

Proof. We may assume M and N are irreducible with highest weight v. Using the 
basis in (2.1), h -\- j = u, and the invariancc of (p we get 

<l){T'^F^^^r^,T'l^F^i\l) = <f){F^''^ri,F^^^rj) = PiF^^^rj, F^^^rj) 

where we have used [Lus93, Cor. 3.1.9], in the third line. □ 

Note that if (?I>(?7,?7) = 1, then for < j < i^, the calculation required for the 
proof above shows that 

(4.1.3) (l)(F^^'>Tj,F^^^T]) =v''~''^ 

For the proof of some future results we must be explicit about the definition 
of the "i?-matrix" jTl, : A® E ^ E ® A: Recall a U- module M is said to be 
integrable if for any m E M and all i E I, there exists a positive integer N such 
that El^'^m = = F^^'^m for aU n > iV , and M = ®x&xM^ where for any 
^ eY,X E X and m E one has i^^m = w^'''^''m. Let R denote a commutative 
algebra over the ring Q(i')[T^^] (such as in the introduction) and let f : XxX ^ R 
be a function such that 

/(C,C'±0 = ./(C,C')«^<''^>^"/'^ 

/(C ± i\ C) = /(C, c')v'F^''^'^^'''/^^r=F('-»)/2 

for aU C, C e ^ and aU i G / (see [L, 32.1.3] or [Ja, 3.15]). 

Such a function / exists: Let H denote a set of coset representatives of X/Z[/], 
let c : H X H ^ Z denote an arbitrary function and set 

f{h + V,h' + v') := yC{h■h')-T.i'^^{i,h')(^■^)/2-Y:,y'S,h)(^■^)/2-v■u'J,-Y:yi(i■i)/2 

for h,h' E H and v,v' E 

4.3. Theorem. [L, 32.1.5], or [Ja, 3.14] If E is an integrable r\J module and 
A E Cr, then for each f satisfying (3.1.1), there exists an isomorphism fTZ : A 
£ -^£(g>A. 
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The map t : A (E) B ^ B (E) A for any two modules A and B denotes the twist 
map T{a (g) b) = b (g) a. Define J]/ End r{r£ ® rT (g)R M) by ]\f{e ® e' ® 
m) = /(A, A')e ® e' E) m for m e M'^ and e e' £ CE) rJ^)^ . Lastly we define 
X&'EndRiRE® rT®r M) by 

x(e (g) e' (g) m) = ^ ^ Pb.b'b" (e e') ® b'^m 

V b,b'eB„ 

where pby = Pb'.b G Ri and is a subset of f. Then jTZ is defined to be equal 
to X o Y[j: °T. The proof that it is an U-modulc homomorphism is almost exactly 
the same as in [L, 32.1.5] or [Ja, 3.14], which the exception that one must take into 
account that M is in the category Cr instead of rC . 

(The above formula for 6.2.1 corrects the corresponding 6.2.1 in the earlier ver- 
sion of [CE]. ) 

In the case that / — {i} and X = Y ^ Ti with i = 1 G y, = 2 e X, the linear 
map L (see (3.1.6)) coincides with x (Lusztig uses the notation 8 where we use x 
- see [LusQ.":!, 4.1.4]). Moreover since X = Z D 2Z = Z[i] there are only two cosets 
in X/Z[z]. In this case the function / above can be defined by 

(4.1.4) J{h + l>,h' + v') := y-T.^'^^{i^h')(i■i)/2-Y.iv'i{^,h)(^■i)/2-u■u' rj,-Y:, Vi{i-i)/2 

for all h, /i' = 0, 1 and v, v' G 2Z. So for example fTlT^ is given by 
(4.1.5) 

fU^^ie ® to) = s o UJ^ o L^^{e ® to) 

n>0 

= /(A - 2n, A' + 2n)-it;"("-i'/2{„}^(")TO ^ i^(")e 

n>0 

= /(A, A')"^ J2 w"^^"^'^"^"'+"("-^'/^r-"{7i}i;("'TO ® F(")e 

n>0 

for e G £^ and to G Af ^' . 

Let £ and be finite dimensional U-modules and t -.r £ E)r T''^ U, a U- 
module homomorphism into U, where U is a module under the adjoint action. 
Suppose is a pairing of M and TV. Define V't^ to be the invariant pairing of 
M ®R £ and N ®r T defined by the formula, for e G / G J^, to G M, and n € N , 

(4.1.6) tpr,^{m ® e,n ® f) = (j}{m, T(e ® f) * n) , 

Here is a twist of the representation ^ by pi. We call the pairing ipT-,4> the 
pairing induced by t and (j). In the cases when M, N and (j) are fixed we write 
in place of tpT,tp and say this pairing is induced by r. 

4.2. A result from [CE95] shows that in the setting of Verma modules the collection 
of maps r is a natural set of parameters for invariant forms. 

4.4. Proposition. Suppose U is of finite type and £ and J- are finite dimensional 
XJ -modules. Let AI be an rXJ -Verma module and (j) the Shapovalov form on M. 
Then every invariant pairing of M ®r £ and AI ®r T is induced by (f>. 
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4.3. 



4.5. Theorem (Lifting Theorem). Let A and B be modules iuCr and <f) E Pg{A,B). 
Then (p uniquely determines an invariant form (jyp G f'g{Ap^Bp) which is deter- 
mined by the following properties: 

(1) (j)F vanishes on the subspaces lA x Bp and Ap x lB . 

(2) For each /i G Z with /i + 1 = r G N, and any vectors a G A and b E B both 
of weight m + efi with e G {1, s} and E a ^ E b ~ , 

Le[T;0] 



(4.3.1) 



bp{F~^a,F-^b) 



-r+l 



<j){a,b). 



Le[T;r~l] 

4.6. Proposition. The form (j)p induces an g-invariant bilinear map on x B^^ 
which we denote by (pj^. 

4.4. At times the subscript notation for Ufted forms will be inconvenient and so 
we shall also use the symbol lac for the localization of both forms and modules. We 
write loc{(f>) and loc{A) in place of (j)p and Ap. 

For invariant forms we find that induction and localization commute in the fol- 
lowing sense. 

4.7. Proposition ([CE95, Prop 7.5]). Suppose A and B are objects in Cr. Then 
(j}p and are pj\5 -invariant; i.e. <j)p G Vg{Ap^Bp) , (pT^ G '¥g{AT,,BT^) . 

5. Quantum Clebsch-Gordan decomposition 

5.1. Bases and Symmetries. For m G Z, let Tm denote the finite dimensional 
irreducible module of highest weight w™ with highest weight vector u^™'. For k any 
non-negative integer set uj,™'' = pWyim) _ 
In particular 

T^'(^(.'")) = (_i)™-J\,(™-J)b+i)yM^. 

and 
(5.1.1) 



P + J 

. 3 . 



m + p - 
P 



5.1. Lemma (Clebsch-Gordan, [Kas95], [KR89]). For any two non-negative inte- 
gers m and n, there is an isomorphism of \J -modules 

Moreover the isomorphism may be defined on highest weight vectors by 

(5.1.2) <z.(u(™+"-2j')) = y (_i)^„(fc-rt(™-p-fc+i)l!i_Z±:^4™) ® 



fe=0 



p—k 



where < p < min{m, n}. 

Proof. First note |m — n| <m-\-n — 2p<m-\-n&o that < p < min{m, n}. The 
element <^(m(™+"~2p)^ certainly has the right weight and it is straightforward to 
check that ^<^(m(™+"-2p)) ^ q. □ 

5.2. Corollary. For any two non-negative integers m, n, and p < min{TO,n}, 



p 

k=0 t 



+ k~p] 
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5.3. Lemma. The map ip : Tm given by (^(uj™'') = i^v) '^"m-fc 

isomorphism. 



Proof. This is a straightforward calculation on weight vectors and generators of U. 

□ 



5.4. Corollary. Let m and n be two non-negative integers. Then there is an iso- 
morphism of \J -modules 

J' m+n ffi J' m+n-2 © ' ' ' ffi ^\m-n\ ~ J- m ® ■ 

Moreover for m > n, this isomorphism can defined on highest weight vectors by 

,(m+n-2p)N ^ -, \n-p - P + fc] ! ["^ - k^. (k-p)(2+Tn)+p^-k^+n„,{rn) ^„,(n) 



fe=0 



-p]\ 



(the action on the second factor w^"^ is twisted by the automorphism pi). 

(n) 

Proof. This follows from the isomorphism : J-^^ — > Tn which sends w„_|_i,_p 



to 

□ 



Since we have two basis | < i < to, < j < n}, and {u 



(m+n— 2p) I 



< 



p < n, 0<fc<TO + n — 2p} of J-m S5 J-n, we can relate them by the quantum 
Clebsch-Gordan coefficients or quantum 5 j -symbols; 



(m+n— 2p) 



E 

0<z<m,0<j<n,'i+j— p+fc 



TO n m -\- n — 2p 
i j k 



(m) „ (n) 



Consider now the p-invariant forms (4.1.3) on J^m and both denoted by (, ), 
normalized so that their highest weight vectors have norm 1. Define the symmetric 
invariant bilinear form on (, ) on <8> given by the tensor product of the two 
forms (the resulting pairing is p- invariant). Assume that the forms on J-'m and J-n 
are normalized so that their highest weight vectors u^™) and u^"-* have norm 1. In 
this case 

/ (m+n-2p) (m+n-2p)\ p (2 p-2 m- 1) M ^ ["^ + n - p + l]l [m - p] ! 

^ ' ' [m]\[p]\[m + n-2p+l]\[n-p]\' 

where we have used formula (2.2.2) for p < min{?7i,7i}. 

The same proof that gave us (4.1.3) now implies for p < min{TO, n}, 



(m+n-2p) 1 12 



p (2p-2 m-l)-(m+n-2p-fc)fc 



n 
P. 




m + n — p + I 
P 




m + n — 2p 
k 




TO 
P. 





5.5. Proposition ([KR89]). (i). The basis { 
nal. 



(m+n — 2p) 



} of Tm ® Tn is orthogo- 
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(ii). For < i < m, and < j < n, 



(m) _ (n) 





m 




n 




i 




3 



[i + j — p\\[m + ji — i — j — p] ! 



min{T7i,n} 

X/ „p(m+ji-p)||y(m+n-2p)||2r^ _|_ „ _ 2pl ! 
p—0 " ^ 



m n m + n — 2p 
i j i+j -p 



{77l-\-7l — 2p) 

'■i+j-p 



In (recall 4>{uf^) = ) 

(5.1.3) 



(m) (n) 



(-l)^w" 



j)+ni-2i(n-j)-j 


m 




n 




i 




n — j 



min{m,«} ^._p(™+„_p) 



E 

p=0 



^(m+n-2p)||2 

71 + i — j — p] ! [m — i + J — p] ! 



[m + 71 — 2p] 



m n m + n — 2p 

i n — j n + i — j — p 



Proof. First we observe that due to fact that different weight spaces having different 
weights we get 

for k ^ I. Now suppose p ^ q. Then the pairing (, ) on J-m ® J-n induces a module 
homomorphism from j:bn+n-2p) _^ (^(^j7(m+n~2q)yy ^ Since these two irreducible 
modules are not isomorphic for p =/= q, we must have 

^^{n^+n^2p)^^in^+n-2g)^ 

for all k and /. 

The second formula follows from the fact that if we write 

2 

?/^™^ 6?) ?/^") - „U" ,,(™+"-2p) 



then k = i + j — p, 



m n m + 71 — 2p 
i j k 



,,i{i~m)+j(j-n) 



^ 3 





m 




71 




i 




j 



□ 



5.6. Lemma. For m and p non-negative integers, one has 
(5.1.4) 



_ ,,2p(p-l-m) (m) 
""m—p ~ ^ ""m—p 



REPRESENTATIONS OF QUANTUM GROUPS 



13 



and 
(5.1.5) 



,(™) _ ,,-2p(p-l-m) (m) 
''m—p ^ ^m—p- 



These two equations explain the labeling of C ^ and C i.e. they really are inverses 
when restricted to finite dimensional X -admissible modules. 



Proof. This follows directly from Lemma 3.6 



□ 



5.7. Corollary. Suppose m, n, k and p are non-negative integers with c™'" G k{v) 
and 

^= E 

i+j=p+k 

Then 



m,n (m) ^ (n 



(5.1.6) 

where 
(5.1.7) 



^r,s 



i+j=p+k 



l^^-^y+s ^r{r—m-l) + s(s-n~l) 

\p„,- +p[2p+m-n-2r+2s) 



p>0 



Wm.n 



r 




n ~ s 


P. 




P 



Proof. Due to the invariance of the form ( , ) we get 



m) + s(.s* — n) 


m 




n 




r 




s 



= <r(4™),4™))(ui"),ui")) 

{L{C-^u ® T:i(4™' ® wi"))) by (3.1.10) 
(fi,r:i(M('") ®ui"))) by (3.1.11) 
(S,i(T:i (4™))® Til («(")))) 

f^_yy+s ^r(2r-2m-l) + s(2s-2n-l) 
p>0 



r 




n — s 




m 




n 


P. 




P 




r 




s 



□ 



6. Basis and the Intertwining map C 

6.1. A Basis. For s > 1, and any lowest weight vector rj of weight Tv^^p , set 
(6.1.1) 

as 

T' i{E^^'^) = (-l)'=ti-'=('=-i)/^-'=F^'°\ T' i{F^''^) = {-l)^v^^^^^'> E'^''^ . 
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6.1. Lemma. Suppose r, s £ Tj, s > r > 0, C. is a highest weight vector of weight 
Tv^^P and rj is a lowest weight vector of weight Tv^^p. Then 



(6.1.2) 

and 

(6.1.3) 

(6.1.4) 



T-X-p 



r + S 
r 



p{s+r)^^ 



T-X- 
r 



p{r) pi-'>)rj = (^-lYy-r{X+r+2s)j. 



p(-r-s) 



r + s 
r 



n = X — p. 

Define indexing sets I\ and by I\ — {n — 2, n — 4, ...}, /_a = {^n, —n — 2, ...} 
where n = X + I. One should compare the previous result with 

6.2. Lemma ([CE95], 2.2). Now for integers j € h (resp. I^x) set kj = "^^^^ 
and Ij = and define basis vectors for M{m + A) and M{m — A) by wxj ~ 

F^^ ® Im+A-e o-nd W-\,j = F^^ Im-A-p- The action of nXJ is given by 



Kw-x.j^Tv-^-^-^'^W-x,j 



Fwxj =Wx,j-2 , 
Fw-X,j = W-X,j-2 



Ewxj [kj][T; -lj]wxj+2 , Ew^x.j = [l]][T; ~kj]w^x.j+2- 

6.2. The articles [Enr95] and [C'E9r)] study noncommutative localization of highest 
weight modules. This article may be viewed as an extension of what was begun 
there. For any U- module A let denote the localization of A with respect to 
the multiplicative set in U generated by F. If F acts without torsion on A (we 
shall assume this throughout) then A injects into Ap and we have the short exact 
sequence of U- modules: ^ A ^ Ap ^ A-^ 0. 

6.3. Lemma (Mackey). Let M = flU Rm+\-p be a Verma module of highest 
weight m + X — p (see [C'E9-5, 1-7]) and suppose that £ is a X -admissible (hence 
a free R-module of finite rank). Then My^ ®r£ is generated as an rU -module by 
Rm ® £ where m is a lowest weight vector in M^r ■ 

Proof. First note that M (E)r £ can be identified with its image in Alp ® R£ due 
to the fact that it is torsion free with respect to the action of F. The Lemma then 
follows from the series of isomorphisms: 

M^®r£'^ [Mr ®r £)/{M (E)r £) = {M (E)R £)fI{M ®r £) 

= (flU ®„B (i?™+A-p ®R £))f/{r\J ®aB [Rm+X-p (E)R £)) 
= (iiU {Rm+X~p f^R S))^. 

The first isomorphism follows as tensoring the short exact sequence 

^ M ^ Mr ^ Mn 

with £ (a finite rank free i?- module), leads to a short exact sequence. The second 
isomorphism comes from [C'E9.^), Theorem 3.9]) where it is implemented by l(g)e n- 
1 1 e where e € £. The third isomorphism comes from Mackey 's Isomorphism 
Theorem and it is implemented bylCx)l(g)ei-^l®l(8)e. □ 
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6.3. Highest and Lowest Weight Decompositions. 

6.4. Lemma. Suppose n — 2p = r with n and r nonnegative integers. Then 

(6.3.1) wr,r^i= \^ T-'^lT-^-L.. ^^0,-1 ®<-V 

is a highest weight vector of weight Tv^~^ in Ad ® T and 

is a highest weight vector of weight Tv^^^^ in M ® T . In A'/^ ® T , 

r 1 Ll -fc(-r+2/c+l) 

(6-3.3) m.,.+i= (-1)^ ^ i^fy.,. ^^'-'=^-o,i«4;\, 

is a lowest weight vector of lowest weight Tv^^^. Moreover 



(6.3.2) w-r:-r-i= 2^ T-k\T-^-k] ^o.-i®<- 

0<k<n-p ^ ' nfc) 



o<fe<p ^ ' 



is a lowest weight vector in M^r ® T of lowest weight Tv 



-r+l 



Observe that the second identity can be obtained from the first by replacing p 
with n — p. This impHes that if we set 



a = (T{e,n,p) 



\p if 6=1, 

\n — p if e = — 1, 



and 



T>^[T;k]^ky 

then 

(6.3.5) m,r^,r+i= ^"'^""+''+'^«-n,p(fc)F(-'=)™oa®"i"^^fe, 

Q<k<n-c 



Proof. The first equality follows using (5.1.1) and Lemma 6.1. 

On the other hand a direct calculation shows Fmr^r+i = 0. Using 



m^r^-r+l= Y ^^^^ ''^™0,1 ^"i+fc- 
0<fc<p 



and Fm^r.~r+i = we get 



Note that by the definition of C, one has 

(6.3.6) £(TOr,r+l) = n^r,r+l, 'C(m_r._r+l) = ^-r,-r+l- 



□ 
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6.5. Corollary. Suppose n — 2p ^ r with n and r nonnegative integers. If we let 
TOr,r+i (resp. m^r,-r+i) denote a lowest weight vector in Mtj ® T of lowest weight 
y^r+i ^j-ggp^ Tv~^'^^), then 

n—p s{l — r)\ I 1 

(6.3.7) L-i(m,.+i) = Y^i-iYL_^±lMFi-^)rno,,^ul%, 



s=0 



(6.3.8) 



s=0 



As in the previous lemma the second identity can be obtained from the first by 
replacing p with n—p. Using the above definition of a and a^^n,p{k) we get 



- „-2(n-'T)(fT+l) 



Proof. Define coefficients Bs and Cg through 



L ^{nir^r+i) BsF^ "''mo^i (giu. 



in) 



and 



s=0 
P 



(n) 



s=0 



Now 



= i-i(Fm,,,,,+i) = -(if (g) K){T'_^{E) (g) 1 + if-^ rii(£;))L-i(TOer..r+i) 



Thus 



and 



n—p 



s=l 



® u 



(") 

s+n— p ■ 



Hence 



Bs — --Bs-i- 



r[r,.s] 



(-ir 



s(l — r 



C's — ~Cs-l' 



n-2p+lr _ 



71 — p + sj 



„(^-p)(i-^) 



Cn. 



In particular i?„_p = (—1)" ^ T"-p[T-n-p]( '')^ ^"'^'^ other hand 



n—p n—p 
5—0 k—s 



[p + fc](fc) 



n — p — s 
k — s 



,,fc(r-2fc-l)+ +(fc_s)(fc+s) 
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A very similar calculation shows 

L"^(m_r,^r+i) 



s—O k—s 



k) 



p — s 
k — s 



-fc(r+2fc+l) + 



(k-s)(k-3-l) 



+ (k-s){k+s) 



When s = n — p wc get ^■''Tio,i iX) u^^^^ has a coefScient 



Bn-p = (-1) 



(-1)"- 



(ri-p)(l-r) r 



n-p) 



Thus Bq = y(.ri-p)(r-n-2) ^ ^-2(n-p)(p+l) ^ 

^.(l-r)-2(n-p)(p+l)[p_^g]^^^ 



T"-P[T;n-p](, 



So 



n-p) 



= (-1) 

Similarly setting s = p, we get 



Cp = (-ly 



-p(r+2p+l) 



(-If 



^p(r-+i)Cg 



so that Co = ■i;-2p('-+P+l) = „-2p(n-p+l)^ 

This proves the two identities. 
6.6. Corollary. For < s < n — p, 

(6.3.9) ys(l-r)+2{p-n){p+l) ^ 



A:— s 



[k s] 



n — p — s 
k — s 



fe(r-2fc-l) + 



(fc-s)(3fc + 3-l) 



□ 



7. Maps into the Harmonics. 

7.1. Harmonics. Wc know from [.IL94] that F(U) H ® Z(U) where H = 
®neN^2n is thc spacc of harmonics, and C2n — ^2n- 

For m. n, r integers with m + n even, |m — n| < 2r < m + n, we let 
.Tvi .F^^ — > 7i, be thc U-modulc homomorphism determined by 



(7.1.1) 



2r,m+n — 2q 



so that im /?. 



2r 
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7.1. Proposition. Suppose t] is a lowest weight vector of weight Tv^''^'' , and max{\ 2 
i+j\}<r< with <i <m andO < j <n. Then 

2r 



m n 
i n-j ^ +r + i-j 



||w(2'-)||2 



2r 

- r + i - j 



i-3 + ^ + c 



=0 



i - j + 2^ + r-l 



T;X + l + c 
r 



l + c 
I 



and 



{-lyv 



j „,™.{n-j)+ni-2i{n-j)~'j+r^ 



m 




n 


i 




j. 



X \\u 



(2r) 11-2 



m 


n 


2r 




i n j 


+ r + 






2r 










i - .7. 





2 C+Xrp\ i-j + i 



1=0 



T;\ + c 
I 



T;X + r + c - I 

+ r - I 



Proof. From [.Jaii9()], 4.18(5), wc have for any a, 6 S N, 



r + c — / 
r 



p{i-3+- 



m=0 

This imphes 

a 

m— 

_ ^^2A+2+a-6+4c/ji2-jfc-a ^~^^_-|^-^b-m^m(2b-a+l) 



a — 6 + c 
a ~ m 



T; A + m + c 
6 



m + c 
m 
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Pi 



a 

_ ^_^2 c+Xrp-^a-b 'y~^ ||_-|^-ja-m^m(2b-a+l) 

p(a-c-b)^ 



T;\ + c 
m 



T; \ + b + c — m 
a — m 



b + c — m 
b 



where we have used (6.1) and the calculation 

Til )r:i (fC') (x'')Tii )T'_i{K-'') 

_ ^_-^-^b+a^a{a+l)+b{b-l-2m) p(m) p{b) p(a—m) 

By the Clebsch-Gordan decomposition Lemma 5.1 



/ rim.n/ (m) (")\\ t^I — c) 



3 n,m{n-j)+ni-2i{n-j)-j+r 



{-lyv 



m 


n 


2r 




i n j 


+ r + 






2r 








+ r + 


i~ 3_ 





j^^2X+2+i-j+:^+4:Cp2y-i+^^ 

J2 {^iy-'v^(''+^-'+'^+^) 



1=0 



T;X + l + c 
r 



l + c 
I 



20 



BEN L. COX AND THOMAS J. ENRIGHT 



for maxjl 



m—n I I m— n 



i + j\}<r< and 



X \\u 



(2r)||-2 



TO 


n 


2r 




i n J 4 


-r + 


i- 3_ 




2r 








+r + i 


-J 





2 C + Xrp\i-j + - 



1=0 



T;X + c 
I 



T;X + r + c-l 
i-j + ^ +r-l 



r + c — I 
r 



□ 



7.2. Corollary. If m ^ n and i = j, then we get 





TO TO 


2r 






2 










TO 




i m — I 


r 




j 


||u(2'-)||2 


'2r 








r 





1=0 

T; X — p — c + r — I 
r-l 



l + c 
r 



T] X — p — c 
I 
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7.3. Corollary. Letm, n be non-negative integers andm.Bx.{\ 
± 
1 



m — n I I ni — n 



r < 2i±2l with <i <m andO < j <n. Then 



j)-\-ni~2i(n—j)—j-\-r'^ — - 




^)(fe-2s+l) 


m 




n 








i 




J. 



X u 



(2r)| 



m 


n 




2r 




_i n- j 


2 


+ r + 








2r 








2 


+ r + 


i- i 




r 






--r-l 





9=0 



q- s 
1 



r + s — q 
s-q _ 



k + i - j + 



r — q 



s-i+j- 



Proof. The calculation is very similar to the proof of the previous proposition and 
so omitted. 

□ 

8. Symmetry Properties of Induced Forms 

8.1. Twisted action of R. We shall twist by an automorphism of jjU in the 
setting of /jU-modules. Let 9 be an automorphism of rXJ. Then for any nXJ- 
module rS define a new /^U-module rS^ with set equal to that of rS and action 
given by : for e e rE and x £ rXJ the action of x on e equals 9{x)e. For any 
fl;U-module A, let denote the module with action o on A''^ defined as follows: 
For a £ A and x G ^U, 

X o a — sd{x) a . 



8.1. Lemma. Suppose (j) is a g-invariant R-valued pairing of r\5 -modules A and 
B. Then so cj) is a g-invariant pairing of A" and B'^ . Furthermore if either A or B 
is adF locally finite, then so(f)oL a p^^-invariant pairing of A'''^-^ and _B^^-i . Also 
4> and (j) o L respectively are g-invariant pairing of these two pairs taking values in 
the R-module R'^ . . 

Proof By Corollary 3.4 the map L : A^'-^ ® B'^'-^ (A B)'^'-^ is an flU-module 
homomorphism. Now we know that cj) G Hom^u(^ ® B^^ , R) is module homo- 
morphism and so after twisting the action we get (f) E Hom^u((^ ® B^^)^-^ , R). 
Composing with s we have socpoL e Hom j^u{A^-'^ ®B'^^^-^ , R'^) is a U-module ho- 
momorphism that is s-linear. To make it i?- linear we twist the action on A^-'^ and 
BP^^-^ by s. Indeed let jj denote the action of R twisted by s. For r e R,a E A^-^ 
and 6 G B^^^-^^ since = 1 , s o (/)(rtJa, &) = s o (j){s{r)a,b) = r(f>{a,b) = 
s o (j)(a, r]),b). □ 

Recall from [CE95] we define a cycle ( for A ) to be a pair {A, 'i) where A is a 
U (or r\J) module and is a module homomorphism 

(8.1.1) ^-.Af'-' ^ A. 
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We say that the cycle is nondegenerate whenever ^ is an isomorphism and that A 
admits a nondegenerate cycle when such a pair exists with '5 an isomorphism. 
Throughout the foUowing. suppose 

^ : (A^r^-^ A, 

is a nondegenerate cycle. For example if we return to the setting of section one 
and set M equal to the Verma module with highest weight Tv~^: i.e. M = M{m), 

sT' 

then is isomorphic to M itself. Then we choose maps : Mp — > M. For 

a e M, X e i?U, ^{sTLiix) ■ a) ^ X ■ ^{a). More precisely 

8.2. Lemma. Let m be a lowest weight vector in A/^ of weight Tv and ^'(m) the 
highest weight vector in M of weight Tv~^ where F~^'^{m) = m mod lM . The 
map * : (M^y'^'-^ M given by 

for k > is an R-linear \J -module isomorphism. 
The above can be rewritten as 

^{F^^'^^n) ^ F('=)*(to). 

Proof. The proof is straight forward and so omitted. □ 
Set 

(8.1.2) 'If := sT{' o : {M^ ® Ef^-^ M®8. 

Let i : P(M £, TV (g) J^) hom^u(M ^ £ <^ {N ^ ^Y^R) be the canonical 
isomorphism with t(x)(a ® &) = x(a, b). Note that a'»bGM®£(g){N'S) TY^ on 
the left hand side, while (a, 6) ^ Ad ® £ x N ® T on the right hand side. Define 
X ^ X* in End (P(Af ® £,N ® T))hy 

(8.1.3) i{x^){^{a) ® ^{b)) s o i(x^) o L{a ® b) 

for a G (M ® £)'J-\ b & {N ® and x G P(M ®£,N ® T). Recah that 

when one evaluates L on the right hand side, one has 

L{a ®b)= ^(-l)"w-"("-i)/2{n}i^(")a ® E^^'^b 

n 

where F^'^'^a is evaluated using the untwisted action and E'-^'^^b is evaluated with the 
action twisted only by pi. Note also that as a linear map L G End {{M(^£)^ (g) (iV(g) 
J-)'^^) is well defined as F acts locally nilpotently on (M 5)7r. We can view L : 

{M®£fJ'-^®{N®TfJ"-^''^ {{M®£)^®{N®TY^^Y'^'-^ as a module isomorphism 
(see (3.1.3) and Corollary 3.4). Then sol{x-^)oL : {M(®£)f'-' (g,{N(ST)f-''" R 
is a module homomorphism. Indeed t(x7r) £ hom^u((-W ® £)7t (iV ® T)p^,R), 
which implies t(xx) G hom^u(((M «) S)^ (iV ® TY^^ Y^'-^W). This gives us 

t(x^) o L G hom^u((M ® £)f-' ® {N ® TY'"^'-' , R")- 
If we suppress the map /,, then we can write (8.1.3) as 

xH^ia), *(&)) := s o X^ ° Ha &) 
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were we view a <E [M ® S).^ with b g {N (g) JT)^ on the left hand side of the 

equahty and b e (A^ on the right hand side. 

More exphcitly we can show that G ¥{M ® £, N !F) by the following calcu- 
lation for X S jiU: 

E X*(^(^(2))*(«), gixii))^m = J2 X*{^iTUS{x^2))a),^ir,gix^i))b)) 

= ^soxttO L{T'_iS{x(2))a ® rii£((a;(i))6) 
= sox^{T'_iS{x)L{a(E>b)) 
~ e(a;)s o o i(a (3 &) 
-e(x)x#(^'(a),'l'(&)) 

where the third equality is from Corollary 3.4, and the fourth equality is due to the 
fact that is p-invariant. 

8.3. Lemma. Let (p be the Shapovalov form on the Verma module M of highest 
weight Tv~^ and the cycle in Lemma 8.2. Then 

SO(j)^oL = (j)0'^®'^. 

In other words 

Proof. Let w be a fixed highest weight vector of M of highest weight Tw"^ such 
that ^'(m) = w with m a lowest weight vector in AIt^. Recall (/)'^(5'(a), ~ 
so0^ oi(a(>5&) for a,b ^ M^^ and that the argument above shows (f)"^ is p- invariant. 
Observe now 

(f)'^ {w, w) ~ (j)'^{^{m), ^'(to)) ~ s o (j)^ o L{m ® m) 

= s o (j)T^[m, to) as TO is a lowest weight vector 
= (f>{^{m),^{m)) = (j){w, w) by (4.3.1). 

Since 0* and agree on the generator w = \1/(to) of M, the p-invariance property 
proves that they agree everywhere. 

□ 

If (/) is a p-invariant form on ^ x where J-' and £ are two finite dimensional 
U-modules in the category C we define in a similar manner the p-invariant form 0*' 
onTx £ given by t((/)»)(T{'(a) ® T{'{b)) := i(0) o L(a (gib), li T = £ is irreducible 
with a highest weight vector u'™', then 

(8.1.4) i(0«)(^.(") ® ^.M) = .(0«)(ri"(uM) ® r{'(w(^))) 

= imu^Z"^ ® wi;")) = t(,/))(u(™) u(™)) 

The second equality comes from the definition of L and last equality is due to (4.1.3). 
Thus (/)" = (f>. This implies that if ^ = (Bi^'m with Ui distinct and £ = (BjJ'mj with 
nij distinct nonnegative integers, then (j) = Si j n =m- 't'i where 0^ is a p-invariant 
nondegenerate form on and zero on the other summands Tn^i k ^ i, and we 
still have (f)^ = <j). 

For four finite dimensional X-admissible U-modules £^ J-^ M. and M and in- 
variant form on X A/" we can define for each U-module homomorphism /3 : 
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£ ® — > U the induced form (pp by the formula, for e G / £ JF, m e , 7i e A/", 



(8.1.5) (j)f3{m®e,n®f) = (l){m, pi{P{e (g) f))n). 

This is similar to the definition (1.0.5). 

8.4. Lemma. For m, n, a, I and r non-negative integers with < cr < n and 
\m ~ n\ < 2r < m + n, one has 



.1.6) 

2n + n2_(2m + „2) 



V 



+n-2(T+r(r+l) 



V 



k=0 



r — k 
I 



[r + fc]![a + fc](fc) 



n 
a + k 



1 n 2r 

+ a n — k — a r — k 



(-1) 2 \ v 2 {^y -y 



fc = 



r — k 
I - k 



[r + /c]![a + fc](fc) 



(T + A: 



m 

2 



n 2r 

(T (7 + fc 7' + fc 



Proof. The result follows from a rather tedious calculation using </)=(, ), the 
normalized nondegenerate form on Ta, and Corollary 7.3. □ 

8.2. In this section we suppose J-m and Tn are the X-admissible finite dimensional 
U-modules given in §5.1. For any homomorphism (3 '.r J-m®RJ'n^ — > _r^"(U) which 
has the form 



.2.1) 



where 



a- 



'k 

ra^n,k 



2k 



€ R, observe that s o (3 has the same form. 



8.5. Theorem. Let M he the Verma module of highest weight Tv~^ (so that \ = 0) 
and assume that j3 '.n Tm ®R J^n^ ^ J?,^(U) has the form (8.2.1). If <f> is a ijU- 
invariant pairing on M satisfying so(j)T^oL~(j)o{^® ^i), then 



.2.2) 



Proof. Since ^ is i?-linear in (3 we can reduce to the case that /3 = af^^'" for 

some a e R. Let us choose basis {F'-'''^mo^i\ k e N}, {wf <i<m}, < 

i < n}, respectively for M = N, Tm and where mo,i is a lowest weight vector 
of weight Tv that generates A/jr, and w^™-' and u*^"' are highest weight vectors of 
weights and u". 

Now the element mo.i ® u'™-* generates (A/ ® TrafJ^^ (see Lemma 6.3), so we 
can reduce the proof of the identity further to showing that 
(8.2.3) 
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for all /s G N and < j < n. Indeed since both sides are invariant, if w £ 
(M(g) jr„j)^^"^ , then there exists u G i?U such that w = u^'(mo,i m'™^) and hence 

Here the third equality would be true as p{u)'^ {F^~'''> uioa ® ^j"^) is a linear com- 
bination of other 5'(i^'^~')mo,i (8) wi"''). Recall that /C is the field of fractions of R. 
By [C'E95, Enr95, Lemma 4.2], to prove (8.2.3), we need to show 

(8.2.4) Kxl4^{mo,i ® ?^(")), *(F(-'=)mo,i ® u^^ j) = 

Now AcMjr (8> ^^Tt is a direct sum of lowest weight irreducible Verma modules with 
lowest weight vector mer',er'+i of weight Tv'^'^ where e = ±1 and r' = n — 2p, 
< p < n. From this fact we get that F^~'"'^mo,i ® uj"' is a /C-linear combination 
of E'-'^^'m^r' ,er'+i- Hence we need to show 

KX^pA^i^OA ® U*")), '^(i;^*)TOer%er' + l)) 

for all r' , e and i with e?'' + 2i = to. Using the invariance of the two forms and the 
fact that TOo,i is a lowest weight vector, proving the above identity is equivalent to 
verifying 

K.xli,4,i^{mo,l ® Ui"'^),'I'(TOer%er' + l)) = KXs l3 {"^0,1 ® W -"^ ) , 'J' (mer',er' + l ) ) ■ 

Recall the definition of (7{e,n,p) and ae^n.pik) from (6.3). Then 

X^,0(*('^na ® "i™'*); *(™er',er' + l)) = S O X/},0, O L{mQ,i (g) TOer',er' + l) 

= ^(-l)«^;-^{g}s O X/3,0,(F(''H™O,1 ® * im,r'.er' + l)) 

1 

= S O X/3,0„ ('710,1 ® >C(TO£r',er' + l)) 

= S O X/3,0,(mo,l ® u|"\TOer',er' + l) 

= SO0,(TOo,i,5I«.,-p(fc)(e)Pl(/3("^^ ®4+l))^^"'^"^0,l) 

k 

= 0(vI/(/:-1too,i), vI/(^ a,,„,p(fc)pi(/3(ii^) ® 4+l))^^"'^"io,i)) 
fe 

= (^*(mo,i),* (^^a,,„,p(fc)pi(/3(«(") ® 4;)j)F(-'=)TOoa 
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The seventh equahty is due to the fact that H ^mo,i = mo,i. We may assume 
that cr — i + = 0, as distinct root spaces are orthogonal. On the other hand 



n — a 

X <^ (*(mo,i), ((pi o o /?) (Taz.(")) ® r;'(^.("^,)) F(-'^)mo.i)) 



We used the reduction lo s(i — fi and the fact that p\oT'_^ = T'_iopi. Consequently 
the two sides of (8.2.2) are equal provided 



(8.2.5) 5^a,,„,p(fc)pi(/3(ui") ® 4"+ J)^'''^"^o,i 



fe=0 



-2(n-CT)(CT+l) 



X (pi o T 



We will now expand out the two sides and eventually show that they are equal. 
We begin with a calculation for the left hand side. 



_ j-_-[^-^g-^fc(2fc+2i-m) + (7n-t)"- +(2i-l-m)a-+r(l+2r) 

2r 



m 




n 


i 




k + (7 



X u 



(2r)||-2 



m n 
i n — k — (7 r — k 



[r-fc]![r + fc]! 
[2r]! 



r 



Wo ,1 



This implies 
fc 

= (-1) 



^(2i-l-m)(j+r{l+2r) + {m-i)n- <"' + ") 



||u(2'-)||2 



min{n — (T,r} 

X 5] (-1)'=« 

fc=0 



-A; 



n 

k + (j 



[g + fc](fc) [r + fc]! 
[r;fc](fe) [A:]![2r]! 



m n 2r 

i n — k — a r — k 
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by Lemma 6.4 and Corollary 7.1. The right hand side is 



-2(„-.)(.+l) "g( + 



^(_i)'--'i,'('--fc+i) 



X 


[pl ° 


T 




fc+1) 






'T;r + k-l 










r + k - I 





yi{i—l)-^m — 2 n-\-m n-\-<T{a-\-2 — m — n)-\-r 



r + k- l 
r 

2 (m + n)^ 



"^0,1 



||u(2r)||2 



[T;r] 



(r) 



[cr + k\k)V^ 



n 


[r + k]l 


m n 2r 


a + k 


[A:]![2r]! 


m — i a + k r + k 



mo,i 



which follows from the Chu-Vandermonde formula, Lemma 2.2. 

Thus to prove they are equal we need for 2cr — 2i + jti — n = and \m — n\ < 
2r < m + n, that 



^(2cr-n-l)cr+r(l+r) + (i2±i-(T)n 



k=0 



r 



m 



n r [r — k]\[r + k]l 
a + k\ \k\ [2rj! 



n 2r 

a n — k — a r — k 



min{r,?i-cr} r , 



fc=0 

m n 2r 

2i±2 - cr a + k r + k 



n 

a + k 



[r-k]l[r + k]l 



[^;r](,_fc)T-^ 



In order to prove that these are equal we need to expand in powers of T and then 
show that the coefficients are equal: 



+n-2(T + 



3r(T + l) 



n — cr r 



r + k]\ 



l>0 



k=0 



[n-a-k]\[k]\ 



m 



n 2r 

(7 n — k — a r ^ k 



{v — V -'-) 



l\r-k 



r-k 
I 



T 



r~2l 



'■('-+1) 



n-a fc(3 + fc-2i+4g-2n + 2r) 



[r + k]\ 



l>0 



k=0 



(v — V ^) 



-l\r-k 



[n-a-k]\[k]\ 



m n 2r 

^ - (T a + k r + k 



r — k 
I - k 



-21 
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This reduces to the foUwing identity between Clebsch-Gordan coefficients that must 
hold for aU 7ti, n with m + n even, < I < r, \m — n\ < 2r < m + n, < a < n: 



.2.6) V 



fe=0 



'-+n~2a+r(r+l) 

k(k + 2l+3) , 1st. [o" + fc](A;)[^ + fc]! 
V 5 (v-V ^)'^- -jj^ 



n 




r — k 




m n 2r 


(T + k 




I 




+ a n k a r k 



n — (7 

ri + Ti, _ — ^ fc(3 + fc-2; + 4o--2Tt + 2-r) 



fc=0 



n 




r 


- k' 




m n 2r 


(T + k 




I 


- k_ 




(T a + k r + k 



The above identity follows from Lemma 8.4. 



□ 



8.3. Let us return to the setting of section one. Fix a finite dimensional X- 
admissible U-module J-' with highest weight and let M be the Verma module 
of highest weight Tv~^. Recall from [CEQ-'j, §2] the modules P(m + A) := Pm+x- 
Then we have the decomposition M (^ji T = P(m + i) where the sum is over 
the nonnegative weights of T and by convention we set Pirn) = M{m). Set Pi = 
P{m + i) and following the notation of [Enr9-5, 3.6] let equal the set of integers 
with the opposite parity to i. For j ^ 7^^ , set = w\j + w-\j. Then for i G N*, 
the set {[T; 0]wa,j : j £ Z^} U {z] : j £ Z^} is an R basis for the locahzation Pi^F- 
Also the action of rJJ is given by the formulas in Lemma 6.2 as well as the formulas 
: for all indices j G Z^, 

Ezj = [lj][T; ~kj\z]^2 + [kj - 0]u;aj+2- 

Fix a positive weight v"^ of T and let P ~ P^. Set £ equal to the m — r-ih weight 
space of P. Then £ is a free rank two i?-module with basis [T; Ojwr.-r-i}- 

Define an s-linear map F on £ and constants a±r by the formula: 

(8.3.1) F([T; 0]«;er,-r-i) = *([T; Q\w,r^r+i) = a,r [T; 0]w;_,,,_,_i. 

This s-linear map F is the mechanism by which we analyze the symmetries which 
arise through the exchange of £ ("1 ([T; 0] ■ M{m + r)) and £ ("1 ([T; 0] ■ M{m- r)). 
This is a fundamental calculation for all which follows. Set F = [r]! F. 

8.6. Lemma. Let e = ±1. For a, 6 G £ n M{m + er), we have: 

x'lFa, F6) = — sx(a, 6) and x'lra, Ffe) = Ue sx{a, b), 

where Ue is a unit and = I mod (T — 1). 
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Proof. Using the defining identity for localization [CE95, 4.3.2], we obtain, for any 
invariant form x on P and e = ±1, 

-Sx{[T]0]Wer,-r-l,[T;0]'Wer-r-l) ■ 



r^[r]![T--r](,) 

This implies the lemma. □ 
8.4. Now we turn to the delicate calculation of the constant a±r. 

8.7. Lemma. We may choose a basis for Pr satisfying the relations in (6.2) 
and (8.3), dependent only on the cycle ^, and such that the constants a±r are 
uniquely determined by the three relations: 

1 (—1)''+^ 
a-r = s Or , a — — ■ — and Or = — rr; — mod T — 1 . 

[r]![T-i;r](^) [r]l 

8.8. Corollary. For e = ±1, T{[T;0]wer,-r-i\ = br^e[T;0]w-er,-r-i , where hr^e is 
the unit determined by conditions: 

\rV 

bl.e = ir_e:\ — <^rid br,, = -I - ea{r){T - 1) mod (T - 1)^ 

r ^ 

where a{r) ~ {1}~^ — (see (2.1.5)). Moreover T induces a k{v)-linear 

s=l 

map on £,/ (T — 1) • £ given by the matrix 



,.4.1) 



1 -a(r){l} 
1 



Moreover, if £ M(m + er) and [T; 0] -x^ is an R-basis vector for £n M{m + er), 
then {[r;0] • Xe,Xe + Tx^} is an R-basis for £ and Xe + Tx^ generates the rXJ- 
submodule Pr . 

Proof. The first identity is a direct consequence of the lemma. As for the second set 
z = z^_r_i and w± = w±r,-r-i and let tt denote the projection tt : £ ^ £/ (T— !)•£. 
Then £ has i?-basis {[T; 0]w+, 2} and since z = w+ + w_, we obtain 7r([T; 0]iy+) = 
-7r([T;0]i(;_). So r([T; 0]«;+) = brs[T;Q\w^ = -br,i[T;Q\w+ = [T;0]«7+ mod 
(T — 1) • £. This gives the first column in the matrix. 

From the s-linearity of F and the congruence for the unit 6r,e we obtain: 

Fz = ~br.\W- — = Z + Q;(7-)((r — V)W-^ — (T — l)w+) 

= z- 2a{r){T - l)w+ =z- a{r){l}[T; 0]w+ mod (T - 1) • £ 

W! 

To prove the identity for a(r) just solve b^ = - — — using (2.1.5). Finally 

a short calculation shows that the transition matrix from the basis {z, [T; 0]we} to 
{we + Twe, [T; 0]we} is 



.4.2) 



1 + [T; 0]ue 

— Uf 1 
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where is the unit 



(-6,,,-l)/[r;0] 



_ a{r)T{v — V ^) _ e 



l + T 



EE-a(r){l} mod(r-l) 



If [T; 0] • a; is a basis vector of £ n M{m + er) then x = uwe for some unit u and 
the transition matrix takes the form as in (8.4.2), with the imit Ug replaced by the 
element of R equal to {—{su)br^e — 0]. The determinant of this matrix is a 

unit which implies we have a basis. This completes the proof of the corollary. □ 

Proof. We begin with any basis satisfying Lemma 6.2 and (8.3) and let a±r be 
given by (8.3.1). Since the vector z^_|_]^ projects to a cyclic vector of its general- 
ized eigenspace in M^^ iSir we find that \E'(z^'_|_]^) = — arW_r.-r-i — a-rWr,-r~i 
is a cyclic vector of P. Thus both a±r are units and a,. = a_,. mod T — 1. 
Any automorphism k is given by multiples of the identity /3 • 1 on M(m + r) 
and 7 • 1 on M{m ~ r) with both /3 and 7 units and /3 = 7 mod T — 1. Set 
Wf = Wgr.-r-\- Then V{nw^^ ~ T{f3w^) = s/3r(u;-(_) = — 
r (/*«;_) — —^a-rKw^. From the preceding remark 
we set 57 equal to the square root of this quotient which is also congruent to 1 
mod T — 1. Put f3 ~ I. If K is the automorphism of P corresponding to this choice 
of P and 7, then applying k to the original basis of P gives a basis for which the 
constants a±r satisfy the first identity of the lemma a_r ^ s a^. 

Fix a form (pM on AI with ipM = 4'\,i let (pjr be an invariant form on J- . Set 
— 4>M ® (f'r- Using the invariance (Proposition 4.6) for 0^ we now check that 
(f) ^ (f>K As in the proof of Theorem 8.5 we need only check on certain basis vectors: 



'^arUW^ and similarly, 
= 1 mod T — 1 and so 



(*(mo,i S 



p 

E 

p—r' +r" 



.2 i^-in \ ^ , 



P(p-l)/2|p| 



6A/,u(mo,i,F('-')^^(-*)mo,i)(/)^(4"),i^-'->(''")«i"^)] 



by [CE95, Theorem 5.1] 



„2 



P 



{P} 



p 




n 


rp — i 




p ~ i 




P. 




i 



by Lemma 6.1 and (4.1.3) 



'-+p{i-n) 



{P} 



n — i 




n 








rj-i — i 








p ~ i 




i 




i 



s[0A/,7r(mo,i, mo,i)] 



<?!>M(*(TOoa),^'(mo,i)). 



On the other hand 



n 






i 




i 



0Af(*(mo,i), *(too4))^^(«^"\ 



Now if we use Corollary 6.6 with p = and replace k by p and s by i we get 



i(l-r)-2i 



,p+»„p(r-2p-l)+ "'-'»^i'+'-^> 



{P} 



n — t 
p — i 
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Using the automorphism of k{v) induced by ?; h-> v ^ we get 

2 " 2 



'{i} = V 2 y 2 

p—i 



n — I 

p — i 



Taking r — n then 

p 

This completes the proof that 
Now from (8.3.1), 



i+p(i-n) 



{P} 



n — I 
P - i. 



■er, — r— 1: er, — r — l) '^'^tt (^er,r+l i "^erjr+l) 

1 



Using this identity twice with = 
.4.3) = (or sa_r)^ 



HIT'- [T--r](,) 
(ji'* wc obtain: 
1 



S(^(u'er,-r-l, Wer,-r-l)- 



This gives the second identity of Lemma 8.7 up to a sign. The correct sign is imphcd 
by the third identity which we now prove. □ 

8.5. To verify the correct choice of sign for the third identity we shall need some 
preliminary lemmas. Let M' denote the span of all the weight subspaces of M 
other than the highest weight space. Let 5 denote the projection of M ®/j onto 
u>o,-i ® T with kernel M' T . Define constants c± by the relations: 8(wr,r-\) = 
c+u;o,-i ® Ufe"^ mod M'®^^ and 5(w_r,-r-i) = c_u'o,-i mod M' 

(n) 

where n— 2p— 1 = r— 1 and n— 2/ — 1 = — r— 1. For any integer f set zt = wo^-i^uj . 
In a similar fashion define the projection of Mf®rJ- onto wq.i ®rJ' with kernel 
®ii T and Af ^ equal to the span of all weight subspaces in M p for weights 
other than rn + 1. 



.9. Lemma. For r a non-negative integer 

vin^k){k+i)^r^-i.2k~n-l] 



.5.1) 



S (Wr,r+l) = C+ 



and S^'^w. 



r,r+l ) 



(_l)'-+ll,2;(/-r+l) 



-p = p! modT-1 



zi mod{T-l)-Pr. 



Proof. Let J- be an U-module that is X-admissible and finite dimensional, then we 
have the expansion (see [CE9-5, 3.9.1]) 

'j +S-1 
s - 1 



(8.5.2) F"^®a®e 



Recall from Lemma 6.4 



(8.5.3) 



[n-p + j](j)V ^ 
o<j<P ^"'[^"'^^'lo) 



E 



(") 
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for r = n — 2p. Then 



j=o 



T-nT-^;j]u)[Mp-:jy- 



Set u = wo,i ® Up"''. 



I -PJ (p) 



Here we have used the binomial identity given in Lemma 2.1. This imphes 

/"-p)(p+i) 

Thus by (6.3.7) 



Wr.r+l^F Wr,r-1 = — j-— j-^ ; 2p - n - IJ (pj/n^^r+l ■ 



,,''(i-'')+("-P-«)(P+«+i)[r,+ si, ^ 



n— p 

In Pr we know from the basis that F^Wr,r-i = —w^r,-r-i mod (T — 1) • Pr- 
Since the action of F commutes with S, we obtain: [p]l c_ = — [Z]! c+ mod T — 1. 
For the last identity of the Lemma apply 6 to the equation above. We get 

[r]l 

Here we use r+p = l = n— p and [T; r] = [r] mod (T — 1). 

□ 

We now return to the proof of the congruence. Since ^'(wr,r-i) = — arif-r.-r-i 
we can calculate the constant as the ratio of S{'9{wr.r+i)) and S{'W-r,-r-i)- 
From (8.9) we find the ratio is congruent to ^ , — mod T — 1. This completes 
the proof of Lemma 8.7. 

8.6. Recall from (3.3) the category ad and note that any module N in the category 
is the direct sum of generalized eigenspaces for the Casimir element [Jos95] in the 
sense that N = Y, TV^^"") where the sum is over N and iV^^''^ contains all highest 
weight vectors in N with weights m + r — 1 and m — r ~ 1. Note that N^^^^ 
need not be generated by its highest weight vectors. The decomposition in §8.3, 
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M ®fi J- = Pi where the sum is over the nonnegative weights of rJ- is such a 
decomposition. In this case (M iSi r J-Y^'^'^ = Pi- The Casimir clement flo of rU by 

Let A''^'"^ (resp. N'^~^'^) denote the submodule of N where the Casimir element acts 
by the scaler 

c(A) = — j-^ resp. c(sA) 



8.7. We now turn to the general case where ^ is a finite dimensional U-module 
but not necessarily irreducible. We extend the definition of the s-lincar maps T and 
r defined in (8.3.1) as follows. Decompose M (^r T into generalized eigenspaces 
for the Casimir (M ®r ^) (='='') and let denote the m — r — 1 weight subspace of 
(M ®R JP')(±''). Then set L = X^-C''. Decompose T = Yj^n, into irreducible r\} 
modules. Then M ®r T = ®r Tnj and so we obtain s-linear extensions also 
denoted r and r from Ln(M®_Rjr,) to all of £. Set (M®ijJ^)(+) := ®rm-M®RT^'^'^ 

8.10. Proposition. Suppose (f) is any invariant form on M (Eir T with (j) ~ ±0". 
Let {wj,j £ J} be an R-basis for the highest weight space of (M (Er TY^^ and 
{ui,i G /} a basis of weight vectors for the E-invariant weight spaces of weight 
m + t for t < —1. Set Mj equal to the r\J -module generated by ujj and Qi the 
R\J-module generated by (T - 1)"^^; + r(u/)). Then M ®rT ^ J2j ^^j © Qi 
where each Mj = M(rn) and if ui has weight m — t, then Qi = P{m + t). Moreover, 
if the basis vectors Wj and ui are (p- orthogonal then the sum is an orthogonal sum 
of R\]-modules. 

Proof. Since M (E)r = ^ M (E)r Tj we may apply Corollary 8.8 to each summand 
to obtain an i?-basis of weight vectors {[T, 0] ■ Xi\ for £ n (M ®r jr)(+) for which 
{[T, 0] ■ Xi^Xi + Fxi} is a basis for £ and the U-module generated by £ is the 
direct sum of the submodules generated by the vectors Xi + Vxi. If Xi has weight 
TO + — 1 then /fU • {xi + Vxi) = P(m + ti) and the intersection of this module 
with £ has i?-basis {[T; 0] ■ , + Vxi\. 

Now let A denote the transition matrix from the basis {[T; 0] • G /} to the 
basis {[T; 0] - Xi, i G /}. Then the determinant of A is a unit of R. The block matrix 

(8.7.1) (^^ °) , for [T; 0] • i? = A - ,sA 

is the transition matrix from {ui + Fwi, [T; 0] • Ui\ to {xi + Fa;,;, [T; 0] • Xi\. The 
determinant is a unit and so the former set is a basis of £. From this we conclude 
M®rT = Y,j Mj®J2iQi and each£n(5j has i?-basis {ui+Tui, [T;0]-Ui}. Soil the 
basis vectors Wj and Ui arc 0-orthogonal then the sum £ — £ n Mj © ^ ■ £ n 
is an orthogonal sum. It follows that M ®r T = J^j -^j © 12i Qi an orthogonal 
sum. □ 

8.8. Diagonalizing forms. Fix a non-zero form (j> on A, a free i?-module of rank 
71. Choose an integer di with (j>{A, A) = Rtt'^^ and choose vectors oi and a[ with 
0(ai,a'i) = 7r''i 
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8.11. Lemma. Suppose the form (f> is not zero. Set Ai ^ {a E A\(j){a, a'l) = 0} and 
A'l = {a G A\(f)[ai^a) = 0}. Then we have direct sum decompositions 

Rax ®Ai=A = Ra[ © A[ . 

Moreover if cj) is symmetric we may choose a unit of R, ui with uiai ~ a'^. 

Proof. For a e A define 



Then P (resp. P') is the projection of A onto Ai (resp. A'l). We have 

. = P(.) + -^a, , .^P'i.) + p4-,<- 
0(ai,a'J (j){ai,a{) 

Since a\ ^ A and a!^ ^ N . these are the desired decompositions. Now suppose that 
is symmetric. Consider the line between a\ and a!^. bt = tai + (1 — t)a'i. Then 
(j){bt,bt) = t'^(f>{ai,ai) + 2t{l - t)(t){ai,a[) + (1 - t)'^(l>{a[,a[). Since t'^,2t(l - t), 
and (1 — t)^ are linearly independent if we are not in characteristic two we can find 
an open set of t in the base field so that we have equality of ideals R(p{bt,bt) ~ 
(j>{A,A). Alternatively first suppose (j){ai,ai) = U2Tr'^^ with U2 a unit. Then we 
have (f>{ai,U2 ai) = tt'^^ and we have proved the remaining statement. Similarly 
(j){a'i,a'i) = UjTt'^i with U2 a unit leads to the same conclusion. Lastly we suppose 
(/)(ai,ai) = U27r'*^ and 0(a']^,a']^) = with ^2,^2 > di. Then 

bt) = t'0(ai, ai) + 2t{l - t)(t>{ai,a[) + (1 - tf^{a[,a[) 

= (2t(l ~t)+ t^U2TT'^^~'^^ + (1 - tfu'2-K'^'^-'^^)Tl'^^ 



= UtTT^' 

where ut is a unit for t ^ 0,1. 

From this we find a unit ui E R such that 4>{bt, uibt) — ui(f){bt, bt) — tt'^'- . □ 

Directly as a corollary to this lemma we have 

8.12. Corollary. There exist integers m < n and di,l < i < m and two bases for 
A, {ai\l < i < n} and {a^|l < i < n} with the following property 



Sij tt'^' i < m, 

m < i < n. 



Moreover if cj) is symmetric we may choose the bases so that a[ = uiai for some 
choice of units Ui,l < i < n. 

Proof. If the form is zero then any two bases will suffice. So assume (jj is not zero 
and apply the lemma obtaining vectors ai , a'l and submodules Ai , A[. Proceed 
inductively and assume for some t with 1 < t < n — 1 and m' < to, we have chosen 
integers di and vectors {ai} and {a-} which satisfy the conditions 

(t){a,,a'j) = S,j tt'^' i<t 

(j){ai, a'j) — Si j n'^' i <m' 
(t>{ai,a'j) = , m < i < t . 
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Also assume that for At ~ {a A\(l){a,a'i) = 0, 1 < i < and A'^ = {a ^ 
A\(f>(ai, a) = 0, 1 < z < t}, we have direct sum decompositions 

^ Rat® At ^ A 9^ ^ i?a ■ © . 
i<i<t i<i<t 

Now choose Ot+i and a[_^i so that (f){at+i, a't^i) = (t>{At,A^). Then applying the 
lemma gives the following decomposition: Rat+i ®At+i = At, Ra't+i ®A^j^i = A[. 
This completes the inductive step which in turn proves the corollary. 

□ 

8.13. Corollary. Suppose (j) is symmetric. There exist integers m < n and di and 

units Ui of R, I < i < m and a basis for A, {ui} , such that (f> is represented by the 
diagonal n x n matrix S with entries: 

Si^i = Ui tt'** for i < m, and Si^t = i > m 

S = diag{uiTr'^^ ,.. ., u,„7r'''" , 0, . . . , 0) 

Note that we cannot get rid of the units in the symmetric form case since doing 
so would require a square root of each unit Ui. These square roots may not lie in 
the ring R. 

8.14. Proposition. Suppose 4> is any invariant symmetric form on M (E)rJ- with 
<f) = zt(pK Then M (E)fi. ^ admits an orthogonal decomposition with each summand 
an indecomposable nXJ -module and isomorphic to M or some P(m + t) for t £ N* . 

Proof. Since i? is a discrete valuation ring we may choose an orthogonal i?-basis 
for the free i?-module £ n (M (K)_r J^)'^+^ . □ 

9. FiLTRATIONS 

9.1. We continue with the notation of the previous section. So <j> is an invariant 
form on M i^rJ^ =J2iPf For any i?-module B set B = B/(T - 1) • S and for any 
filtration B = Bq Bi D ... D Br, let 'B = ^ Bi D ... D Br be the induced 
filtration of B, with = {B, + {T -I) ■ B)/{T -I) ■ B. Now </« induces a filtration 
onM ®rT by 

(9.1.1) (M ®R ry ^{v&M®R T\(l){v, M ®R T)(Z{T~ 1)' ■ R}. 

9.2. Let notation be as in (8.3) with P = Pr and £ equal to the m — r — 1 weight 
subspace of P. Suppose P = ^ ^ ••• ^ = is a filtration. Then since 
the [/-module P/{T —1) ■ P contains only the two proper subspaccs A/(±r) we can 
choose constants a > b > c, so that 

(9.2.1) P = Ao = ■■■ =Aa 

U 

M{r)^Aa+i = ---=Ab 
U 

M{-r) ^Ab+i = ••• = 
U 
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In this case we say that the filtration is of type (a, b, c). When a = 6 = c we use the 
convention P = A'/(0). 

Recall from §8.3 the bases w^^.-r-i of the m — r — 1 weight space of M{±r) and 
the basis {z^^-r-i = w^^-r-i + W-r,-r-i 1 [T; 0]wr,-r-i} of the m — r — 1 weight 
space of P. Fix r and for convenience set 

(9.2.2) W+ = Wr^-r-l , W- = W-r.-r-l , Z = W+ + W- . 

Let (j)± denote the Shapovalov form on the Vcrma module M±r and normalized 
by the identities 

(9.2.3) (l)+{w+,w+) = 1 (/)_(w_,w_) = 1 . 

Now choose constants b± € R with (/)|p = 6+0+ + . Then the restriction of cf) 

to £, is given by the matrix A4 with respect to the basis {z, [T; Ojui+j 

/ <j>{z,z) cl^iz, [T; 0]w+) \ A+ + 6_ [T; 0]b+ \ 

{c^i[T;0]w+,z) ct){[T;0]w+,[T;0]w+)J {[T;0]b+ [T;0]%+) 

Define the order of elements a G /C by ord{a) = n if a G R{T — 1)" and a ^ 
R{T — 1)"+"'^. For a matrix define the order to be the minimum of the orders of the 
matrix entries. For any matrices A and B with entries in R, ord{AB) > ordA and 
if detA is a unit then ord{AB) — ord{B). 

The type of the filtration on P can now be determined easily by the constants 
b±. The result separates into three cases. 

9.1. Lemma, (a). Suppose ord{b-\^) = ord{h-) < ord{b-\- + b^). Then the filtration 
on P is of type (a, a, a) with a = ord(b+) + 1. 

(b) . Suppose ord{b+ + b^) = ord{b^) < ord{b^). Then the filtration on P is of type 

{ord{b+),ord{b+) + 1, orrf(6_) + 2). 

(c) . Suppose ord{b-\- + 6_ ) = ord{b^ ) < ord{b^ ) . Then the filtration on P is of type 

iord{b- ) , ord{b+ ) + 1 , ord{b+ ) + 2) . 

Proof. Let (a, 6, c) designate the type of filtration on P induced by the form (/). 
Diagonalize A4 as follows. Choose invertible i?-valued 2x2 matrices U and V and 
integers di < d2 so that 

Then ord{M) = ord{V) = di and = ord{det{V)) - di = ord{det{M)) - ord{M) . 
We conclude a ^ di = ord{A4) and so from the form of Ai above we get the 
formulas for a in the three cases. Similarly c = d2 = ord{det{A4)) — ord{M.) and 
in the three cases of the lemma this translates to the formulas in the lemma. 

Next we determine b. The highest weight space of P is a free rank one i?-module. 
So 6 = ord{(f){[T; 0\wr.r-i, [T; 0\wr.r-i))- Then for some unit u ^ R, 

(f>i[T;0]Wr,r-l , [T;0]Wr.r-l) = (j){uE'' Z , [T;0]Wr,r-l) = H^z , F''[T;0]Wr^r-l) = 

(j){uz , [T;0]wr-r-i) = u[T;0]b+ . 

So the form restricted to the highest weight space has order ord{b^) + 1. This 
proves b = ord{b^) + 1 and completes the proof of the lemma. 

□ 
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10. Examples 

In this section we will roughly follow the notation in [Lus93]. A pair (11, ( , )) 
where 11 is a finite set and ( , ) denotes a symmetric bilinear form on the free 
abelian group Z[n] with values in Z is called a Cartan datum if 
(10.0.4) 

(a, a) e {2,4,6,...} for any a e H; 2^^^ G {0,-1,-2,...} for any a 7^ /3 e H., 

(a, a) 

If P G Q(iO is a rational function then Pa denotes P{va) where Va = u^"'")/^. 
10.1. Verma modules for the quantum group Uv{sl{3)). Let 

$ = {±a,±/3,±(a + /3)} 

be the root system of sl3(C) with 11 ~ {a,/?} a set of simple roots, W the Weyl 
group, and ( , ) the unique VF-invariant form defined on $ with (7, 7) = 2 for all 
7 £ $. Let zu^ denote a fundamental weight with respect to 11, 7 G 11, and let the 
weight lattice of $ be A = '^■yen ^■^7- 

The quantum enveloping algebra Uy {513(C)) is defined to be the associative al- 
gebra over with generators E^, F-y, and AT"^, (7 G 11) subject to the 
relations 



(Rl) K^K-^ = K-^Ky = 1, K^K^ = K^K^ 

(R2) KyE.K-^ = v^'^'^'^E,, KyF.K-^ = y-^^^'^^F, 

K — AT- 

(R3) [Ey,Fy\ = 5y,i, 

Vy ~ V-j 

(R4) E'i^E^ - [2]EyE^Ey + E^E^ ^0 for 7 7^ 

F^F, - [2]FyF,Fy + F,F^ = for 7 ^ z. 



where 7, G 11. One also sets p — Wa + wp = a + /3, U = C/„(s[(3))) and let C/+ 
(resp. U^) denote the subalgebra of U generated by E,j (resp. F^) with z/ G $. 
Moreover let Uv{a) denote the subalgebra generated by Ea,Fa,Ky with 7 G 11. 
We will now consider M{—Wa) which has two Verma submodules Af(— 2n7^) and 
M(— 2-070 — w/3) due to the fact that sp^—vJa + p) — P = —'^a — P — —2wfj and 

Sq.( — 2n7^ + p) — /9 = —2Wa ~ "^[3- 

The subalgebra generated by A^, 7 G 11, has a basis of the form 

TMF(^'^)Ta{F'lP'^)F^P^ = Ta {Tp{F^:^y)F^^'^) Fjf^ 

where m, n,p G N and Tq = T{'i,Ti3 = T21 (in Lusztig's notation, see [Lus!).'^)] and 
[Jan9G, Theorem 8.24]). By [.lajiliG, 8.16.(6)] TaTp{Fa) = Fp, so we get 

TMEi^^K^;) = A^^^X^, 

and 

(10.1.1) TpiFaKa) = [FaEp - vFpFa) Kp+a- 
On the other hand 

ad(A„)(A^X^) = (A„A;3 - vFpFa)Ka+p 
In the notation of section §5, we have under the adjoint action on U, 

(10.1.2) ^(1) = FpKp, u[^^ = ad {Fa)iFpKp) 
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and ad {F^^)(FpKp) = by [Jan96, Lemma 4.18] so that the set {u''^\ spans 
a copy of Ti inside . 

Let A/(A) denote the Verma module for Ui,{sl{3)) with highest weight A £ A 
defined by 

M(A) ■■=U/Iy1 + H ^(^-^ - T'-'^/^^f^^")) j . 

Let 1 denote the image of 1 in the quotient M{X). Set 

M{Xy {to e M(A) I K^m = t'^-''/2^;(7,a) ^j. ^ ^ jj}. 

The foUowing is a quantum analogue of a result Shapovalov's: 

10.1. Proposition ([i.iis!).;, Proposition 19.1.2]). For any A e A there exists a 
unique symmetric bilinear form M(X) x M(A) — > R such that 

(1) = 

( 2) {ux, y) — {x, g{u)y) for all x, y G M(A) and u e U. 
Moreover {x, y) ^ if x e M{XY and y G M{XY' with ly =^ i^' E A . 

Since the Shapovalov form is g-invariant it must be an induced form when re- 
stricted to a J7,y(a)-summand isomorphic to U,y{a)l (g) JF„. Here JF„ is any ad- 
invariant irreducible sunimand of U. To illustrate what is going on in the paper 
we use the copy of J-'i given in (10.1.2), taking into account that we need to use 
the fTZ~^ : Tn ® Uy{o^\ Uu{a)\ ®Tn (we will use / as defined in (4.1.4)). More 
precisely let us determine : T\® Uv{a) satisfying 

(10.1.3) (urn, u'n) = Xp.4>M (/^^"^(" ® fTl^^W ® n)) 

where G Ti, m,n G M :~ Uu{ci)i and 0m is the Shapovalov form on the 
Verma J7i,(a)-module of highest weight Tv~^ with respect to Ka {T with respect 
to Kfs) and is normalized so that 0^/(1, 1) = 1. Note that the linear map (3 has a 
bold font to distinguish it from the root (3. Since 

the problem then is to find G C[T] with 

where 

f3l\u^^^)=52r,aE^^^K-\ 

First of all (for 1 the highest weight vector) using (1.0.3), 

{F0Kpl,FpK0l) = t2(1, giF0)Fpl) = T'w(1, R-^EpFpl) = vT[T; 0]. 
Now we use / as (4.1.4) 

fU-^FpKp ® 1) = /(I, -l)-4 ® FpKp. 
which has as a consequence 

(F^if^l, FfsKfsl) = x/3,0„ (s ° ^j\FfiKf^ ® 1), s o UJ^F/sKp ® 1)) 
= /(I, -l)-^4^M{-i-.Pil3{FpKfi (g> FpKp)l). 
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So by Corollary 7.2 we get 
(10.1.4) 

/(I, ~\)-^p,f3{FpKp ® FpKp)l = /(I, -l)-2 (^^ + "^[T, -l]^ 1 = vT[T: 0]1 
Next by (10.1.1) 

On the other hand Corollary 7.2 gives us 

(10.1.5) /(-I, -1)-Vi ('^o/3o^' + ^^2/32^') {&AF^{FpKp) ® adF^iF^Kp))! 

= {vT[T;0] + v^T^[T; -I]) 1 
Using the equations (10.1.4) and (10.1.5) we finish the determination of (3: 

(3 = /(I, -1)2 {t\T + T-i)[r; 0] + vT''[T- -l])/3j'^ - T\{1}[T- 0] + T^)/?!'!) . 

Here however we have only determined one (3 for one C/iy(o)-summand of Ajf(— -cUq,). 
In future we plan to investigate the other (3 that appear. 

10.2. Verma Modules for [/^(5p(4)). Let 

$ = {±a, ±/3, ±(a + /?), ±(2a + /3)} 

be the root system of type B2 with 11 = {a,/3} a set of simple roots, a short, /3 
long, W the Weyl group, and ( , ) the unique W^-invariant form defined on <I> with 
{a, 13) = -2, {a, a) = 2 and (/3,/5) = 4, so that (a,/3) = -l,(/3,d) = -2. Let ro^ 
denote a fundamental weight with respect to H, 7 G H, and let the weight lattice 
of $ be A = J2f£n '^'^■y- Then qa = q and qp ^ q^ . 

The quantum enveloping algebra ?7t,(sp(4)) is defined to be the associative alge- 
bra over Q[w,w^^] with generators E^, Fj, and K^^ , (7 e H) subject to the 
relations (R1)-(R3) but with a different Serre relation: 

E'^E^ ~ \i\^ElE^E^ + \i\^E^E^El - E^E^^ =0 for 7 7^ 

- [3]^i^2^,F^ + [3]^F^F,F2 - F,F^^ =0 for 7 / 

where 7, S H. U — [/„(sp(4))) and let f7+ (resp. ?7~) denote the subalgebra of U 
generated by Ey (resp. Fjj) with G $. Moreover let f7t,(a) denote the subalgebra 
generated by _Eq,, Fq, with 7 G H. Let pi : U ^ U be the algebra isomorphism 
determined by the assignment 

(10.2.1) p^{E^) ^ -v^F^, p^{F^) = ^v-^E^, pi{K^)^K-^ 
for all 7 G n. Define also an algebra anti-automorphism £i : U — > U by 

(10.2.2) q{E^) = VyK^Fy, g{F^) = v^K'^E^, q{K^) = K^. 

These maps are related through the antipode S* of U by g = piS* . 

We will now consider (a ?7,y(a)-submodule of) M{—Wa + which has three 
Verma submodules M{—vJa + vjfj — 2(3), M{—vja + vj^ — Aa — 2(3), and M(— -cUq + 
zjp — 4a — 4/3) due to the fact that 

Sfsi-rUa +'^13+ P) - P = +^f3 - 2(3, 

Sq(— -cUq, + vji3 — 2(3 + p) — p = —Wa + — 4a — 2(3, 
Sj3(—Wa + vj/B — 2P — Aa + p) — p = —zua + ^ p — Aa — A(3. 
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Note that 

(10.2.3) ad iF^){FpKp) = [F^F^ - v^F0F^)K^+f, and 

(10.2.4) ad {F^^^){FpKp) = (f^^F^ - vF^^FpFa, + v^F/jF^)) X2a+/3. 
In the notation of section §5, we have under the adjoint action on C/, 

(10.2.5) ^ p^j^^^ ^(2) ^ {F^){FpKp), uf^ = ad {F^^^)(FpKfi) 

and ad(Fi^^)(F^i4:^) = by [.Tan96, Lemma 4.18] so that the set {u'^'^\uf\u'^^} 
spans a copy of J-2 inside U~ . Let us determine (3 : J-2® Uv{a) satisfying 

(10.2.6) {um,u'n) = x/g^^^ (/7^"\u ® to), /7^"\^i' (g) n)) 

where u,u' G J-i, m,n £ M := J7^(a)l and (pM is the Shapovalov form on the 
Verma C/«(a)-module of highest weight u~^T with respect to Ka {v^T with respect 
to Kp - this is because {vjf3,P) = 2 and (vja,a) = 1) and is normahzed so that 
(I)m{1, 1) = 1. Since 

the problem then is to find G C[T] with 

/3 = roPl'^ + r2f3l'^ + ufSl'^ 

where 

First of aU (for 1 the highest weight vector) using (10.2.2), 

(FpKpl.FpKpl) = v^T\l,g{F0)Fpl) = T\\1, K^^ EpFpl) = v^T^[T^- 
Next from Corollary 7.2 (with m = n = 2) we get 

(ro/3j'' + r2/32'' + r4/3f ) {{&AF^^)FpKp ® (adFW)F^X^) 

( . 



i 2i(i-3) 



rT:-l 
L k 



k=0 



,(2fe)||5 



2 2 

i 2 - i 



2fc 



Now we use / as (4.1.4) 

fTZ-\FpK0 ® 1) = /(2, -l)-4 ® F;3i^/3. 
which has as a consequence 

(F^if^l, FpKpl) = x/3,0M (s ° ^]\FpK0 ® 1), s o n7i(F/3X^ ® 1)) 
= /(2, -l)-20^,(i, p,(3{FpKp (g> FpKp)l). 
From this simple calculation and Corollary 7.2 we have 
(10.2.7) 



/(2, -l)-'p^fj{FpKp ® FpKp)l = /(2, -1)-^ ^ 



[3] [4] 



t^"[2] r4 
[4] [3] 



T;-l 
2 



(10.2.8) = z;^r2[r2; 1]^! 

Next by (10.2.3) 

(adF„(F^7^^)l,adF„(F^if;3)l) = {{F^Fp ~ FpF^)K^+pl, {F^Fp - v^FpF^)Ka+pl) 
= vT^[2][T^; l]p + v^T^[T; -1]. 
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On the other hand 

{&dF^{Ff3Kp)l,adF^{FfjKf3)l) - /(0,-l)-^ 
Again from Corollary 7.2 we obtain 



>M 



'Xpil3{a.dF^{FpKp) ® 'a.dF^{FpKp))l). 



(10.2.9) 



/(2, - 1)-VT-Vi (r-o/3o'' + ^2/3r + rAf^T ) (adF„(i^/3i^/3) ® adF^iF^K^))! 



32,2 



2,2 



T;-l 
1 



[3] [4] 
= {vT^[2][T^; l]/3 + v6t5[T; -1]) 1 
Thirdly we have by a rather tedious calculation and Lemma 6.1 
(adFi^) (FpK^)l, adf^i^) {FpKp)l) 

\T--1 



T; -1 
2 



T 



4(^4 ( _r-i[r,-i] 



+ i;5(T-i - w[r; -2])[T, -1][T2; 2]/3 + i;^ 



'T;-l 
2 



Using Corollary 7.2 we get 
(10.2.10) 

/(-2, -1)-Vi (ro/3o'' + ^2/32'' + ^4/34 ') (adFa(Ff ^if^) adFp)(F^X^)) 

= /(2,-i)-Vr 



x-2 4T.-4 / ^^0 r2V 2 



[3] 



[4] 
T; -1 
2 



"T; -1 




■4 


-1 






1 




2 




2 


) 



T; -1 
2 



(3: 



+ v%T-'-v[T;-2])[T,-l][T';2]p + v 
From equations (10.2.7), (10.2.9) and (10.2.10) we determine the coefficients of 







(^2[T°-1] 


H 







; I2i 

1^ v{l} ~v^[2] 
1 ~v I 



vT^[2][T^;l]^ + v'T^T;~l] 

where / — f{2, —1)^. Here however we have only determined the /3 for one U^{a)- 
summand of M(— tUq, + 'cufj). In future we plan to determine the coefficients for the 
other (3 that appear. 
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13 




37 




10 


L, L-\ 
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